developed in logic to the study of associative rings (not necessarily commutative or with identity). A first-order formula of ring theory is a formula built up in the natural manner using only the logical connectives A (and), v (or), + (implies), 3, V (quantifiers over elements of the ring), the ring theoretic function symbols +, f, 0 and the variables V, , vi ,..., V, (cf. [16] ).
is a unifying concept for an infinite class of rings about which the classical structure theorems of ring theory have little to say.
We also utilize another logical concept-stability-in our investigations. We say a sequence of ideals Ii , I, ,... is uniformly definable in R if there is a formula of ring theory v(x,yr ,..., 3)m) and a sequence of m-tuples 2, , as ,... in R such that I, is the set of elements of R which satisfy ~(x, 8%). Then, if R is a stable ring, R has the ascending and descending chain conditions on uniformly definable sequences of ideals. From this we deduce that a semisimple stable ring has the full descending chain condition. Our analysis follows the pattern of dividing the study of a ring into the study of its Jacobson radical, J(R), and the study of R/J(R). In Section 1, we consider R/J(R) and determine the structure of &-categorical primitive and semisimple rings. We also show that an &,-categorical commutative ring with identity is an extension of a nil ring by a ring R, where R is in the class investigated by
Macintyre and Rosentein [13] . In Section 2 we prove there is no infinite K,-categorical ring which satisfies either the ascending or descending chain condition.
In Section 3 we consider the effect of imposing the model theoretic requirement of stability on a ring. We show that if R is a stable ring then J(R) is nilpotent and R/J(R) is a finite direct sum of complete matrix rings over a division ring (slightly improving earlier results of Felgner [7] and Cherlin and Reineke [6] ). We then deduce that an &,-categorical stable semisimple ring is finite. Section 4 is devoted to examples which illuminate the relationship between the various logical and algebraic properties discussed in the paper. We are indebted for discussions with Joel Berman, Tom Brown, Greg Cherlin, Jean Springer, and, especially, Gabriel Sabbagh.
In general, our ring theoretic notation follows [9] and our logical notation [16] .
We wish to emphasize the following variations from that rule. We let R denote ambiguously the set of members of a ring and the structure (R, +,..., 0). For a finite sequence a, ,..., a,-r(v, ,..., 2),-i) of elements (variables) we write a(a). If v is a formula of ring theory (possibly with names for ring elements Y, ,..., r,-,)
we write R /= g)(~) to mean 'p is true in R of the elements rr ,..., r, . If 'p is a formula with n free variables we denote by y(R) the subset of Rn consisting of those n-tuples which make v true.
K,,-CATEGORICITY IN PRIMITIVE AND SEMISIMPLE RINGS
In this section we first apply Ryll-Nardzewski's characterization of N,,-categorical structures to obtain algebraic information about X,-categorical rings (cf. [13] ). We use this information to show that an N,-categorical primitive ring is finite. This yields information about &-categorical semisimple rings. Finally, we link our results with the earlier study of &,-categorical rings by Macintyre and Rosenstein [13] .
We begin by presenting our main logical tool in the investigation of NOcategorical rings: Ryll-Nardzewski's theorem. We require the following definitions to state the theorem.
Let F, denote all first-order formulas in the language of ring theory with free variables among w,, , w, ,..., v,+r . By F,(R) we mean the set of equivalence classes of member of F, , where 9 is equivalent to 1,4 if and only if R k v f-) t,k Let 2 = (aa ,..., a& andj = (b, ,. ., b,,) be n-tuples from R. We say a and 6 have the same n-type if b and 6 satisfy the same members of F, . We say a and 6 have the same n-automorphism type if there is an automorphism of R taking ai to bi for i < n. Note that "having the same n-type (n-automorphism type)" is an equivalence relation. The following theorem incorporates results of RyllNardzewski, Svenonious, and Vaught. For the history of this theorem, see [15] . While the theorem applies to any first-order structure, we state it for a ring R.
THEOREM A (Ryll-Nardzewski theorem [5, 161). The following are equiwalent for a countable ring R.
(ii) For each n, F,(R) is finite.
(iii) For each n, R has only jnitely many n-types.
(iv) For each n, R has only jnitely many n-automorphism types.
Without the countability assumption (i), (ii), and (iii) remain equivalent. They are implied by (iv) but not conversely (see [17] ).
The following result is the key algebraic fact about &-categorical rings. Similar applications of Ryll-Nardzewski's theorem to algebraic structures were made earlier in [13, 151. PROPOSITION 1 .l. Let R be an &,-categorical ring. There is a function f mapping w to w such that every n-gemated subring of R has less than f (n) elements.
Inparticular,
there exist integers m, n, and s such that R satisfies the equations mx = 0 and x"(xS -x)(x+1 -x),..., (x2 -x) = 0.
Proof.
Let 31r ,..., x, E R. Then each element y of the subring S generated by x1 ,a.., X, determines the set P, of those polynomials p such that p(x, ,.. . , x,J = Y. If y1 # y2 then Pg, f Pv,. Thus, if there are arbitrarily large n-generated subrings of R there can be no finite bound on the cardinal&y of F,,,(R), contradicting Theorem A(ii). The second contention follows by considering l-generated subrings.
We now present some essential definitions and theorems from ring theory. We will limit our presentation of ring theory to citing exactly those definitions and theorems used in our proofs. A general background can be found in [9] or [lo] . Whenever we ambiguously use a "one-sided" concept (e.g., "primitive" rather than "left primitive") we mean left. Then there is a division ring D such that either for some n, R is isomorphic to D,, (the complete ring of n x n matrices over D) OY for every natural number m there is a subring S, of R which maps homomorphically onto D, .
We can now establish the structure of an &categorical primitive ring. THEOREM 1.2. If R is a primitive ring which satisfies an equation p(x) = xk(x8 -x) ..* (x2 -x) = 0 (in particular, g R is &,-categorical and primitive), then R is isomorphic to a complete ring of matrices over a jinite jield. Hence, R is Jinite.
Proof. By Theorem B either R is isomorphic to D, for some D and n or for every m there is a homomorphism of a subring S, of R onto D, . In the second case, since R satisfies p(x) = 0 so must S, and thus D, , Consider the element of a Dk+s+l with the identity on the superdiagonal and zeros elsewhere. Recall: p(x) = xk(xs -x),..., (x2 -x). Then uk+* # 0 but ak+s+l = 0 so Dkfnfl does not satisfy p(x). We conclude that for some integer n, R is isomorphic to D, .
As a subring of R, D must also satisfy p(x) = 0. Since no element of D is nilpotent and D contains no zero divisors, for a E D there is an integer, n(u) (< s) such than anta) = a. This implies that D is commutative (see, e.g., [9, Lemma 3.131. Finally, since in a field a polynomial can have no more roots than its degree, D must be finite.
There are several equivalent definitions of the Jacobson radical of a ring. We recall one of these. We will use the following characterization of a semisimple ring.
THEOREM C ([9, Theorem 2.2.11). A ring R is semisimple if and only if R is a subdirect product of primitive rings.
We can now deduce: COROLLARY 1. If R is a semisimple No-categorical ring then R is a subdirect product of complete matrix rings over finite fields. Moreover, only finitely many different matrix rings occur as subdirect factors.
The second remark requires a further application of Ryll-Nardzewski's theorem. If, in addition, R is commutative we can conclude: COROLLARY 2. If R is a commutative semisimple &,-categorical ring then R is a subdirect product of aj%te number of finite fields.
We will show in Section 4 that there are noncommutative #,-categorical semisimple rings. We will now use the work of Macintyre and Rosenstein [14] to give a more complete description of $,-categorical commutative rings. For this, we require some more definitions. Proof. Since R satisfies the equation xIc(xr -x)(.+I -x) *.. (x2 -x) = 0, a polynomial p'(x) can be chosen such that #'P'(X) = xk+? and x divides p'(x). Then if a E J(R), p'(a) E J(R) so ak+r = 0 and hence J(R) is nil. DEFINITION 1.5. Let '33, 6,2 be classes of rings. We say % is 6 by 2 if each R E '3 has an ideal S E 6 such that R/S E 2.
Macintyre and Rosenstein [14] have classified the class '3 of No-categorical rings with identity which have no nilpotent elements. They prove that any such ring is commutative and then invoke the Arens-Kaplansky representation [l, 41 of such rings as rings of continuous functions. By Corollary 2 an N,-categorical, commutative, semisimple ring has no nilpotent elements. We have proved: THEOREM 1.4. An &-categorical, commutative ring with unit is nil by 5%.
In Section we give an example of an X,-categorical commutative semisimple ring without identity so the classification of &,-categorical, commutative, semisimple rings is not complete. We state some explicit problems which arise in the attempt to classify all X,-categorical rings. 
CHAIN CONDITIONS ON +CATEGORICAL RINGS
In this section we show that any &categorical ring with the ascending or descending chain condition on left ideals is finite. DEFINITION 
A ring R has the ascending (descending) chain condition on left ideals if there is no infinite ascending (descending) chain of left ideals in R.
Henceforth, we will abbreviate this condition by writing a.c.c (d.c.c.).
All results in this section will hold "mutatis mutandis" for the correponding chain condition on right ideals.
We will use the following definition in the proof of Proposition 2.1. Proof. Let 1Dz be the set of two-sided ideals, A, of R such that for some nonzero two-sided ideal, B, AB = 0. By arguments in [lo, Lemmas 4.6-4.8] there are only finitely many maximal elements of %R, say Ml ,..., M, , and there is an imbedding of R into R/Ml @ ... @ R/M,, . Now each of the Ri = R/Mi is a prime semisimple ring which satisfies p(x) = 0. Thus, it suffices to prove the theorem with the additional assumption that R is prime. Since R is semisimple, R is a subdirect product of a family (Sa}OIEa of primitive rings, each of which satisfies p(x) = 0. Let p: R -+ rJrrsA S, be the given subdirect product monomorphism. Let na: nolEA S, ---f S, be the canonical projection maps. By Lemma 1.3, J(R) is nil. As nil ideals are nilpotent in a ring with a.c.c. [9, Theorem 1.4.51, J = J(R) is nilpotent. Let m be an integer such that J" = 0. Again, because R has a.c.c., J is finitely generated as a left ideal, say, by X = {x1 ,..., xn}. Since R is X,-categorical the subring, S, generated by X is finite (Proposition 1.1). By Proposition 2.1, R/J is finite. We will now show that this forces R to be finite. Let K = {rI = O,..., rk} be a complete set of representatives in R of RI J. Then each Y E R has the form Y = Y, + j, where ra E K, and j E ]. Since J is generated by (x1 ,..., x,}, we may further put Y into the form y=~,+f~&~+.iJ+s, i-l where Y, , r,EK,jiE J, and sES. Similarly expanding each ji in the above expression as j was expanded we get +s.
Since Jm = 0, iterating this procedure m times yields an expression for Y as a sum of products of elements of K and S. By the nature of this expansion, we have an upper bound on the maximum lengths of sums and products needed to express elements in R as above. This, together with the finiteness of K and S implies the finiteness of R.
COROLLARY.
If R is an N,-categorical ring with d.c.c., then R is$nite.
Proof. Since for some m, mr = 0 for all Y E R (Proposition l.l), R can be written as the finite direct sum of R(pj) = {r E R: pin7 = 0 for some n}, where pi is a prime dividing m. Therefore it suffices to demonstrate the theorem for R, an algebra over the finite ring ZVn = Z/(p"), where Z is the ring of integers. Let R* = ((7, n): Y E R, n E Z,,}, where R* has componentwise addition and (rI , n,) . (r2 , nz) = (r1r2 + n,r, + n,r, , n,n,). Embed R into R* by mapping Y into (7, 0). Now R*IR g Z,, whence R* has the d.c.c. Since R* also has a unity element, R* has the a. 
STABILITY AND ~~~~~~~~~~~~~~
In this section we apply to the study of rings a logical concept, stability, which was developed by Morley [14] and Shelah [20-221 in attempting to determine the number of models of a first-order theory.
The main result of this section is Theorem 3.6. If R is a stable ring then (*) J(R) is nilpotent and R/J(R) has d.c.c.
An easy corollary to this result is that an &,-categorical stable ring is nilpotent by finite. The history of this result is somewhat obscure. In [7] , Felgner proves that if R is an w-stable (a stronger condition than stable, see [20] ) ring with unity then R has d.c.c. on principal left ideals. Then he appeals to Bass [3] to conclude that R/J(R) has d.c.c. and that J(R) is left T-nilpotent (cf. [3]). Some subset of Cherlin, Felgner, Reineke and Sabbagh observed that a compactness argument (as in 3.4 below) shows that J(R) is nilpotent and that w-stability can be weakened to stability.
Our proof, which predates our knowledge of the work mentioned above, proceeds by an analysis of the proof of Wedderbum's structure theorem for semisimple rings with d.c.c. as in [9] and noticing that each application of the d.c.c. can be replaced by an appropriate application of the stability of the ring R. The hypothesis that R has the d.c.c. on principal left ideals does not suffice to prove (*) in the absence of an identity, as any infinite direct sum of fields R has d.c.c. on principal ideals but R/J(R) w R does not have the full d.c.c.
Felgner's proof of (*) was extended by Cherlin and Reineke [ 161 who showed that any stable ring which contains an element which does not divide zero has an identity. This result is slightly weaker than Theorem 3.6. For, if F is a stable ring and R is a ring with trivial multiplication, then F @ R is a stable ring in which every element is a divisor of zero. By Theorem 3.6, F @ R/J(F @ Rj has d.c.c.
Our application of the logical notion of stability to ring theory is similar to the development by Cherlin and Reineke in [16] . An exhaustive account of the properties of stable theories occurs in [21] . We say that a ring R is stable if the first-order theory of R (Th(R)) is stable and we rely on the following characterization of stability. (ii) The proof is similar, letting the formula p)(x, y) be xy = 0. By Lemma 3.1(i) choose y0 E p such that Ry, is a minimal principal* left ideal contained in p. One can show that Ry, is also a minimal left ideal of R, whence, since R is semiprime, it follows from [9, Lemma 1.3.11 that Ry, = Re, for some idempotent e, . Utilizing Lemma 3.l(ii) one shows in a manner similar to that of [9, Theorem 1.4.21 that p = Re for an idempotent e.
Just as in [9] we conclude the following corollary.
COROLLARY. Let R be a semiprime stable ring.
(i) Every two-sided ideal of R is generated by an idempotent in the center of R.
(ii) R has an identity element.
Proof.
The proof is identical to the proofs of Corollaries 1 and 2 of [9, p. 301. Since R has d.c.c., J(R) is a nilpotent ideal and therefore must be (0). As a semisimple ring with d.c.c., R has the desired structure. For each Di , there are fi , e, E R such that the formula, x = eixfi defines Di .
In particular, invoking the corollary to Theorem 2.2, we have
stable semiprime ring is finite.
We can phrase this in a somewhat more vivid manner. The ring S is a definable homomorphic image of R if S is isomorphic to R/I for some definable ideal, 1, of R. The following result is related to early work in mathematical logic on interpretation of theories and for (ii) the Ryll-Nardzewski theorem. A formal proof of (i) is a special case of [6, Theorem 1.11. From Lemma 3.5 and Theorems 3.3 and 3.5, we deduce: THEOREM 3.6. If R is a stable ring then J(R) is nilpotent and R/J(R) is a finite direct sum of complete matrix rings over a division ring (i.e., has d.c.c.).
By invoking Corollary 2 to Theorem 3.3 we can now give a somewhat more complete description of an &-categorical stable ring.
COROLLARY.
An NO-categorical stable ring is nilpotent by finite.
We have shown that for a stable ring, semiprime and semisimple coincide. In fact, these conditions imply R has d.c.c. The converse is false as the field of real numbers has d.c.c. but is unstable since there is a definable linear ordering of the field [21] . The assumption that R be semisimple is essential. For instance, the null ring on the Abelian group consisting of a direct sum of infinitely many copies of the cyclic group of order 2 is stable but does not have d.c.c.
The classification of stable semiprime rings is (as pointed out in [6]) reduced to:
(5) What are the stable division rings?
As in the analogous situation in Section 1 we ask, (6) Characterize the stable nilpotent rings.
If one looks at an X,-categorical stable ring R, by the corollary to Theorem 3.6 one need only inquire, Proof.
We will show that for every n, B has only finitely many n-automorphism types and conclude by Theorem A(iv) that B is &,-categorical. Let ifI )...) a;, be a set of representatives for the n-automorphism types of A and let A,, be the set of members of A which occur in some (z~)~G-. For anyfr ,..., fn E AI, let rangeJ be (ti a~ 1 A jn and 3i(f,(i) = a, ,..., f*(i) = a,)}.
We first show that if JE B n, then there is a sequence $6 Bn with range of g _C A,, and an automorphism (II of B with a(fJ = gi for 1 < i < n. We define 01 by defining for i E w an automorphism oli of A which maps f(i) into A, and letting a Varying this proof we obtain the following example which arose from discussions with Joel Berman. Proof. Let D be the filter of cofinite subsets of N, . Let 2, denote the cyclic group of order 2 and let A = Z$/D and for each a E A denote by supp(a) the set of OL such that a(a) = 1. The structure B whose universe is the set of a E A with supp(a) countable is the required structure. As a substructure of a reduced product of fields B must be a commutative ring without nilpotent elements.
To see that B does not have an identity, choose N, disjoint countable subsets of *, , say, <xa),<K1 and let fa be the characteristic function of X, . Then each fa determines a member of B and g E B is an identity for fa only if supp g contains all but finitely many elements of X, . Clearly, no member of B is an identity for all the fa . The proof that B is &-categorical is similar to the proof of Theorem 4.1. Finally B is semisimple since it is NO-categorical and has no nilpotent elements (Lemma 1.3). Note that by Corollary 2 of Theorem 3.3 the ring B constructed here must be unstable. We now turn our attention to producing noncommutative K,-categorical rings and unstable &,-categorical rings satisfying various algebraic conditions.
For the formal definition of a Horn sentence, see e.g., [5, p. 3281. In ring theory a Horn sentence is a conjunction of sentences of the following form: a string of quantifiers followed by a formula (P(G) = 4d A> A P2W = %(Yz) . . . * P,W = Qnc%>) -+ PR+l@n+l) = s&+1( %a+& where each p&J is a polynomial in ki(ki') f ree variables. We require here the following facts. (ii) The property of a ring being semisimple can be expressed by a Horn sentence.
The second fact follows easily from our definition of J(R) (Definition 1.2). Combining these facts with Theorem 4.1 we see that if D is the filter of cofinite subsets of w and A is an &,-categorical semisimple ring then so is Am/D. PROPOSITION 4.3. There is a semisimple noncommutative infinite NO-categorical ring.
Proof. Let R be a finite semisimple noncommutative ring. Since 3x3~ xy # yz is also a Horn sentence R"/D is the required ring where D is the cofinite filter on w.
Galvin [S] proved that if 2I/D is atomless then for any A, Th(A'/D) is a Horn theory (i.e., can be axiomatized by Horn sentences). Then T is unstable.
Proof. The proof of ( ) i is as in [2, Theorem 21 and (ii) is similar. We can even conclude T has the independence property [21] .
We can now exhibit some unstable &,-categorical rings. COROLLARY 1. Let R be an X,-categorical (e.g., jinite) ring, S the cojkite filter on U, and let S = RI/D.
(i) If R is a noncommutative ring with identity then S is unstable.
(ii) If R is the ring of strictly lower triangular matrices over Z, then S is nilpotent and unstable.
Proof. (i) Apply Proposition 4.4(ii) with ~(x, y) being the formula xy = yx, e the identity, and a, b any pair of noncommuting elements.
(ii) Apply Proposition 4.4(i) to the formula xy = 0 noting that R satisfies the Horn sentence The following is a somewhat less constructive method of obtaining unstable K,-categorical rings. In particular it allows us to find unstable, &,-categorical commutative rings. COROLLARY 2. If R is a finite semisimple ring and D is the cojkite f&r on w then R"lD is &,-categorical and unstable.
Immediate from Theorem 4.1 and the corollary to Theorem 3.3. One example we have been unable to find is a "nontrivial" &-categorical, stable ring. That is, (8) If there is an &categorical, stable ring which is not null by finite ?
We also raise the following problem related to the classification of &,-categorical rings.
(9) How many nonisomorphic &,-categorical countably infinite rings are there ?
The results of Section 1 suggest that the answer may be X0 but even if all K,-categorical nilpotent and semisimple rings are found, the extension problem will remain.
